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Abstract
The aim of this paper is to develop the theory of skew Armendariz and quasi-Armendariz
modules over skew PBW extensions. We generalize the results of several works in the literature
concerning Ore extensions to another non-commutative rings which can not be expressed as
iterated Ore extensions. As a consequence of our treatment, we extend and unify different
results about the Armendariz, Baer, p.p., and p.q.-Baer properties for Ore extensions and
skew PBW extensions.
Key words and phrases. Armendariz, Baer, quasi-Baer, p.p. and p.q.-Baer rings, skew PBW
extensions.
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1 Introduction
In [23], Kaplansky defined a ring B as a Baer (quasi-Baer, which was defined by Clark [14])
ring, if the right annihilator of every nonempty subset (ideal) of B is generated by an idempotent
(the objective of these rings is to abstract various properties of von Neumann algebras and com-
plete ∗-regular rings; Clark used the quasi-Baer concept to characterize when a finite-dimensional
algebra with unity over an algebraically closed field is isomorphic to a twisted matrix units semi-
group algebra). Another generalization of Baer rings are the p.p.-rings. A ring B is called right
(left) principally projective (p.p. for short), if the right (left) annihilator of each element of B
is generated by an idempotent (or equivalently, rings in which each principal right (left) ideal is
projective). Birkenmeier et al. [12] defined a ring to be called a right (left) principally quasi-Baer
(or simply right (left) p.q.-Baer) ring, if the right annihilator of each principal right (left) ideal of
B is generated by an idempotent. Note that in a reduced ring B, B is Baer (p.p.) if and only if
B is quasi-Baer (p.q.-Baer).
Commutative and noncommutative Baer, quasi-Baer, p.p. and p.q.-Baer rings have been in-
vestigated in the literature. For instance, in [5], Armendariz established the following proposition:
if B is a reduced ring, then B[x] is a Baer ring if and only if B is a Baer ring ([5], Theorem B).
In fact, Armendariz showed an example to illustrate that the condition to be reduced is not su-
perfluous. Birkenmeier et. al., in [12] showed that the quasi-Baer condition is preserved by many
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polynomial extensions, and in [10], they proved that a ring B is right p.q.-Baer if and only if B[x]
is right p.q.-Baer. In the context of Ore extensions (defined by Ore in [35]) given by B[x;σ, δ]
with σ injective (also known as Ore extensions of injective type), we found several works in the
literature, see [14], [10], [18], [12], [11], [17], [16], and others (in [42], [46], or [47] a detailed list of
references is presented). Some of these works consider the case δ = 0 and σ an automorphism, or
the case where σ is the identity. It is important to say that the Baerness and quasi-Baerness of a
ring B and an Ore extension B[x;σ, δ] of B does not depend on each other. More exactly, there
are examples which show that there exists a Baer ring B but the Ore extension B[x;σ, δ] is not
right p.q.-Baer; similarly, there exist Ore extensions B[x;σ, δ] which are quasi-Baer, but B is not
quasi-Baer (see [18], Examples 8, 9 and 10 for more details).
With respect to the context of modules, Lee and Zhou in [26] introduced the notions of Baer,
quasi-Baer and p.p.-modules in the following way: for a ring B and a right B-module MB , (i)
MB is called Baer (quasi-Baer) if, for any subset (submodule) X of M , annB(X) = eB, where
e2 = e ∈ B; (ii) MB is called principally projective (p.p. for short) module (principally quasi-Baer
module) if, for any element m ∈ M , annB(m) = eB (annB(mB) = eB), where e
2 = e ∈ B. It is
important to remark that all these notions coincide with the ring definitions above, considering
a ring B as a right module over itself. In other words, a ring B is Baer (quasi-Baer or p.p.) if
and only if BB is a Baer (quasi-Baer or p.p.) module. In fact, if B is a Baer (quasi-Baer or p.p.)
ring, then for any right ideal I of B, IB is a Baer (quasi-Baer or p.p.) module. Note that B is a
right p.q.-Baer ring if and only if BB is a p.q.-Baer module, and every submodule of a p.q.-Baer
module is p.q.-Baer, and every Baer module is quasi-Baer.
Since the notion of reduced ring (a ring B is called reduced if it has no nonzero nilpotent ele-
ments; note that every reduced ring is abelian, i.e., every idempotent is central) is very important
for characterizing the properties of being p.p. and p.q.-Baer (in [18], Lemma 1 it was proved that
for a reduced ring B, B is a right p.p.-ring ⇔ B is a p.p.-ring ⇔ B is a right p.q.-Baer ring ⇔ B
is a p.q.-Baer ring), it is of interest to know its corresponding notion for the context of modules:
MB is called reduced (Lee and Zhou [26]), if for any elements m ∈ M, a ∈ B, ma = 0 implies
mB ∩Ma = 0. Precisely, Lee and Zhou generalized several results of reduced rings to reduced
modules.
The notion of Armendariz ring, which is the primary object of study in this paper, it has
also been investigated. Let us recall briefly. In commutative algebra, a ring B is called Ar-
mendariz (the term was introduced by Rege and Chhawchharia in [36]) if whenever polynomials
f(x) = a0 + a1x + · · · + anx
n, g(x) = b0 + b1x + · · · + bmx
m ∈ B[x] satisfy f(x)g(x) = 0, then
aibj = 0, for every i, j. The interest of this notion lies in its natural and its useful role in under-
standing the relation between the annihilators of the ring B and the annihilators of the polynomial
ring B[x]. In [5], Lemma 1, Armendariz showed that a reduced ring always satisfies this condi-
tion. Now, in the context of Ore extensions, Armendariz property has also been studied. For
instance, Hirano in [17] defined a ring B to be quasi-Armendariz if whenever two polynomials
f(x) =
∑m
i=0 aix
i, g(x) =
∑t
j=0 bjx
j ∈ B[x] satisfy f(x)B[x]g(x) = 0, then aiRbj, for every i, j.
In [19], Hong et. al., extended the Armendariz property of rings to skew polynomial rings B[x;α]
with zero derivation. For an endomorphism α of a ring B, B is called an α-skew Armendariz ring,
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if for polynomials f(x) = a0 + a1x + · · · + anx
n and g(x) = b0 + b1x + · · · + bmx
m in B[x;α],
f(x)g(x) = 0 implies aiα
i(bj) = 0, for every 0 ≤ i ≤ n, and 0 ≤ j ≤ m. A more general treatment
for the notion of Armendariz for Ore extensions with δ not necessarily zero, it was established
by Nasr-Isfahani and Moussavi [34] using the notion of skew-Armendariz ring. It is important
to say that the relations between Armendariz rings and Baer (quasi-Baer) rings have been also
investigated in different papers, see for example [5], [36], [3], [10], [18], [12], [17], [19], [30], and
others (see [42], [46], or [47] for a detailed list of references).
The notion of Armendariz for modules over Ore extensions also have been formulated. In [50],
Zhang and Chen introduced the notion of α-skew Armendariz modules over Ore extensions with
zero derivation (δ = 0) in the following way: an B-module M is called α-skew Armendariz, if for
polynomials m(x) = m0 +m1x+ · · ·+mkx
k ∈M [X] and f(x) = b0 + b1x+ · · ·+ bnx
n ∈ B[x;α],
m(x)f(x) = 0 implies miα
i(bj) = 0, for every 0 ≤ i ≤ k and 0 ≤ j ≤ n (Baser in [8] studied the
relations between the set of annihilators in MB and the set of annihilators in M [X]). A module
MB is called α-Armendariz, if MB is α-compatible and α-skew-Armendariz ([26]). These authors
also proved that B is an α-skew Armendariz ring if and only if every flat right B-module is α-skew
Armendariz, and a module MB is α-reduced, if MB is α-compatible and reduced. A more general
treatment about the notion of Armendariz module over Ore extensions with δ not necessarily zero
it was presented by Alhevaz and Moussavi in [2]. There, they study the relationship between an
B-module MB and the general polynomial module M [X] over the Ore extension B[x;α, δ], and
introduce the notions of skew-Armendariz modules and skew quasi-Armendariz modules which are
generalizations of α-skew Armendariz modules [50] and α-reduced modules [26]. In fact, they also
established several connections of the Baer, quasi-Baer and the p.p.-properties with the notion of
skew Armendariz and skew quasi-Armendariz module. In this way, [2] extends and unifies several
known results related to Armendariz rings and modules, such as [18], [19], [34], [50], and others,
to general polynomial modules over Ore extensions.
With the aim of generalizing the results established about Armendariz and Baer properties
in the mentioned papers above, in this article we are interested in a class of non-commutative
rings of polynomial type more general than iterated Ore extensions (of injective type), the
skew Poincare´-Birkhoff-Witt extensions (also known as σ-PBW extensions), where PBW denotes
Poincare´-Birkhoff-Witt, introduced in [15] (see Examples 2.4 for a list of non-commutative rings
which are σ-PBW extensions but not iterated Ore extensions). Actually, skew PBW extensions
are more general than several families of non-commutative rings, such as universal enveloping al-
gebras of finite dimensional Lie algebras, PBW extensions introduced by Bell and Goodearl in [9],
almost normalizing extensions defined by McConnell and Robson in [31], solvable polynomial rings
introduced by Kandri-Rody and Weispfenning in [22], and generalized by Kredel in [24], diffusion
algebras studied by Isaev, Pyatov, and Rittenberg in [21], and other kind of non-commutative
algebras of polynomial type. The importance of skew PBW extensions is that the coefficients do
not necessarily commute with the variables, and these coefficients are not necessarily elements
of fields (see Definition 2.1 below). In fact, the σ-PBW extensions contain well-known groups of
algebras such as some types of G-algebras studied by Levandovskyy [29] and some PBW algebras
defined by Bueso et. al., in [13] (both G-algebras and PBW algebras take coefficients in fields and
assume that coefficientes commute with variables), Auslander-Gorenstein rings, some Calabi-Yau
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and skew Calabi-Yau algebras, some Artin-Schelter regular algebras, some Koszul algebras, quan-
tum polynomials, some quantum universal enveloping algebras, and others (see [38], [28], and [48]
for a detailed list of examples). For more details about the relation between σ-PBW extensions
and another algebras with PBW bases, see [38] or [28].
Since Ore extensions of injective type are particular examples of σ-PBW extensions, and ha-
ving in mind that several ring, module and homological properties of have been studied by the
author and others for skew PBW extensions (see [15], [38], [39], [40], [41], [6], [27], [42], [7], [46],
[47], [44], etc), we consider relevant to investigate the properties of Baer, quasi-Baer, p.p., p.q.-
Baer, and Armendariz in the context of modules over these extensions (in [42], [43], [45], [46], and
[47], these properties were investigated for σ-PBW extensions, for example, with the purpose of
computing its Goldie dimension [40]) with the aim of establishing and generalizing several results
in the literature for Ore extensions of injective type and σ-PBW extensions. In this way, our
results generalizes several works concerning Ore extensions and σ-PBW extensions, such as [18],
[17], [19], [26], [33], [34], [50], [2], [42], [45], [47], and [46]. We can say that the importance of our
results is precisely to establish all these properties for those non-commutative rings which can not
be expressed as Ore extensions.
The paper is organized as follows: In Section 2 we establish some useful results about σ-PBW
extensions for the rest of the paper. Next, in Section 3 we introduce the notion of skew Armen-
dariz and skew quasi-Armendariz modules based on [2]. First, Section 3.1 contains the definition
of skew-Armendariz module for σ-PBW extensions, and in Section 3.2 we introduce the notion
of skew quasi-Armendariz module. The more important results of this paper are presented in
this section following the ideas established by Alhevaz and Moussavi in [2] for the case of Ore
extensions. It is a remarkable fact that the tools employed in that paper are very useful for the
study of Armendariz modules over rings which can not be expressed as Ore extensions. In this
way, the techniques used here are fairly standard and follow the same path as other text on the
subject. The results presented are new for skew PBW extensions and all they generalize others
existing in the literature.
Throughout the paper, the word ring means a ring not necessarily commutative with unity,
and all modules are right modules and annB(X) := {r ∈ B | Xr = 0}, where X ⊆ B, for any ring
B.
2 Skew PBW extensions
In this section we establish some useful results about skew PBW extensions for the rest of the
paper.
Definition 2.1 ([15], Definition 1). Let R and A be rings. We say that A is a σ-PBW extension
(also known as skew PBW extension) of R, which is denoted by A := σ(R)〈x1, . . . , xn〉, if the
following conditions hold:
(i) R ⊆ A;
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(ii) there exist elements x1, . . . , xn ∈ A such that A is a left free R-module, with basis Mon(A) :=
{xα = xα11 · · · x
αn
n | α = (α1, . . . , αn) ∈ N
n}, and x01 · · · x
0
n := 1 ∈Mon(A).
(iii) For each 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists an element ci,r ∈ R \ {0} such that
xir − ci,rxi ∈ R.
(iv) For any elements 1 ≤ i, j ≤ n, there exists ci,j ∈ R \ {0} such that xjxi − ci,jxixj ∈
R+Rx1 + · · ·+Rxn.
Proposition 2.2 ([15], Proposition 3). Let A be a σ-PBW extension of R. For each 1 ≤ i ≤ n,
there exist an injective endomorphism σi : R → R and an σi-derivation δi : R → R such that
xir = σi(r)xi + δi(r), for each r ∈ R. We write Σ := {σ1, . . . , σn}, and ∆ := {δ1, . . . , δn}.
Definition 2.3 ([15], Definition 4). Let A be a σ-PBW extension of R.
(a) A is called quasi-commutative if the conditions (iii) and (iv) in Definition 2.1 are replaced
by the following: (iii’) for each 1 ≤ i ≤ n and all r ∈ R \ {0}, there exists ci,r ∈ R \ {0}
such that xir = ci,rxi; (iv’) for any 1 ≤ i, j ≤ n, there exists ci,j ∈ R \ {0} such that
xjxi = ci,jxixj .
(b) A is called bijective, if σi is bijective for each 1 ≤ i ≤ n, and ci,j is invertible, for any
1 ≤ i < j ≤ n.
Examples 2.4. If R[x1;σ1, δ1] · · · [xn;σn, δn] is an iterated Ore extension where
• σi is injective, for 1 ≤ i ≤ n;
• σi(r), δi(r) ∈ R, for every r ∈ R and 1 ≤ i ≤ n;
• σj(xi) = cxi + d, for i < j, and c, d ∈ R, where c has a left inverse;
• δj(xi) ∈ R+Rx1 + · · ·+Rxn, for i < j,
then R[x1;σ1, δ1] · · · [xn;σn, δn] ∼= σ(R)〈x1, . . . , xn〉 ([28], p. 1212). Note that σ-PBW extensions
of endomorphism type are more general than iterated Ore extensions R[x1;σ1] · · · [xn;σn], and in
general, σ-PBW extensions are more general than Ore extensions of injective type.
Next, we present some non-commutative rings which are σ-PBW extensions but they can not
be expressed as iterated Ore extensions (see [28] for the reference of every example).
(a) Let k be a commutative ring and g a finite dimensional Lie algebra over k with basis
{x1, . . . , xn}. The universal enveloping algebra of g, denoted U(g), is a skew PBW extension
of k, since xir − rxi = 0, xixj − xjxi = [xi, xj ] ∈ g = k + kx1 + · · · + kxn, r ∈ k, for
1 ≤ i, j ≤ n. In particular, the universal enveloping algebra of a Kac-Moody Lie algebra is
a skew PBW extension of a polynomial ring.
(b) The universal enveloping ring U(V,R,k), where R is a k-algebra, and V is a k-vector space
which is also a Lie ring containing R and k as Lie ideals with suitable relations. The
enveloping ring U(V,R,k) is a finite skew PBW extension of R if dimk (V/R) is finite.
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(c) Let k, g, {x1, . . . , xn} and U(g) be as in the previous example; let R be a k-algebra containing
k. The tensor product A := R ⊗k U(g) is a skew PBW extension of R, and it is a particular
case of crossed product R ∗ U(g) of R by U(g), which is a skew PBW extension of R.
(d) The twisted or smash product differential operator ring R #σ U(g), where g is a finite-
dimensional Lie algebra acting on R by derivations, and σ is Lie 2-cocycle with values in
R.
(e) Diffusion algebras arise in physics as a possible way to understand a large class of 1-
dimensional stochastic process [21]. A diffusion algebra A with parameters aij ∈ C \ {0}, 1 ≤
i, j ≤ n, is an algebra over C generated by variables x1, . . . , xn subject to relations aijxixj−
bijxjxi = rjxi − rixj, whenever i < j, bij , ri ∈ C for all i < j. A admits a PBW -basis of
standard monomials xi11 · · · x
in
n , that is, A is a diffusion algebra if these standard monomials
are a C-vector space basis for A. From Definition 2.1, (iii) and (iv), it is clear that the
family of skew PBW extensions are more general than diffusion algebras. We will denote
qij :=
bij
aij
. The parameter qij can be a root of unity if and only if is equal to 1. It is therefore
reasonable to assume that these parameters not to be a root of unity other than 1. If all
coefficients qij are nonzero, then the corresponding diffusion algebra have a PBW basis of
standard monomials xi11 · · · x
in
n , and hence these algebras are skew PBW extensions. More
precisely, A ∼= σ(C)〈x1, . . . , xn〉.
It is important to say that σ-PBW extensions contains various well-known groups of algebras such
as PBW extensions [9], the almost normalizing extensions [31], solvable polynomial rings [22],
and [24], diffusion algebras [21], some types of Auslander-Gorenstein rings, some skew Calabi-
Yau algebras, some Artin-Schelter regular algebras, some Koszul algebras, quantum polynomials,
some quantum universal enveloping algebras, etc. In comparison with G-algebras [29] or PBW
algebras [13], σ-PBW extensions do not assume that the ring of coefficients is a field neither
that the coefficients commute with the variables, so that skew PBW extensions are not included
in these algebras. Indeed, the G-algebras with di,j linear (recall that for these algebras xjxi =
ci,jxixj + di,j , 1 ≤ i < j ≤ n), are particular examples of σ-PBW extensions. A detailed list
of examples of skew PBW extensions and its relations with another algebras with PBW bases is
presented in [38] and [28].
Definition 2.5 ([15], Definition 6). Let A be a σ-PBW extension of R. Then:
(i) for α = (α1, . . . , αn) ∈ N
n, σα := σα11 · · · σ
αn
n , |α| := α1 + · · ·+ αn. If β = (β1, . . . , βn) ∈ N
n,
then α+ β := (α1 + β1, . . . , αn + βn).
(ii) For X = xα ∈ Mon(A), exp(X) := α, deg(X) := |α|, and X0 := 1. The symbol 
will denote a total order defined on Mon(A) (a total order on Nn). For an element xα ∈
Mon(A), exp(xα) := α ∈ Nn. If xα  xβ but xα 6= xβ, we write xα ≻ xβ. Every element
f ∈ A can be expressed uniquely as f = a0 + a1X1 + · · · + amXm, with ai ∈ R, and
Xm ≻ · · · ≻ X1 (eventually, we will use expressions as f = a0 + a1Y1 + · · · + amYm, with
ai ∈ R, and Ym ≻ · · · ≻ Y1). With this notation, we define lm(f) := Xm, the leading
monomial of f ; lc(f) := am, the leading coefficient of f ; lt(f) := amXm, the leading term
of f ; exp(f) := exp(Xm), the order of f ; and E(f) := {exp(Xi) | 1 ≤ i ≤ t}. Note that
deg(f) := max{deg(Xi)}
t
i=1. Finally, if f = 0, then lm(0) := 0, lc(0) := 0, lt(0) := 0. We
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also consider X ≻ 0 for any X ∈ Mon(A). For a detailed description of monomial orders in
skew PBW extensions, see [15], Section 3.
Proposition 2.6 ([15], Theorem 7). If A is a polynomial ring with coefficients in R with respect
to the set of indeterminates {x1, . . . , xn}, then A is a skew PBW extension of R if and only if the
following conditions hold:
(i) for each xα ∈ Mon(A) and every 0 6= r ∈ R, there exist unique elements rα := σ
α(r) ∈
R \ {0}, pα,r ∈ A, such that x
αr = rαx
α + pα,r, where pα,r = 0, or deg(pα,r) < |α| if
pα,r 6= 0. If r is left invertible, so is rα.
(ii) For each xα, xβ ∈ Mon(A), there exist unique elements cα,β ∈ R and pα,β ∈ A such that
xαxβ = cα,βx
α+β + pα,β, where cα,β is left invertible, pα,β = 0, or deg(pα,β) < |α + β| if
pα,β 6= 0.
Remark 2.7. About Proposition 2.6, we have two observations:
(i) ([42], Proposition 2.9) If α := (α1, . . . , αn) ∈ N
n and r ∈ R, then
xαr = xα11 x
α2
2 · · ·x
α
n−1
n−1 x
αn
n r = x
α1
1 · · ·x
α
n−1
n−1
( αn∑
j=1
xαn−jn δn(σ
j−1
n (r))x
j−1
n
)
+ xα11 · · ·x
α
n−2
n−2
(α
n−1∑
j=1
x
α
n−1−j
n−1 δn−1(σ
j−1
n−1(σ
αn
n (r)))x
j−1
n−1
)
xαnn
+ xα11 · · ·x
α
n−3
n−3
(α
n−2∑
j=1
x
α
n−2−j
n−2 δn−2(σ
j−1
n−2(σ
α
n−1
n−1 (σ
αn
n (r))))x
j−1
n−2
)
x
α
n−1
n−1 x
αn
n
+ · · ·+ xα11
( α2∑
j=1
x
α2−j
2 δ2(σ
j−1
2 (σ
α3
3 (σ
α4
4 (· · · (σ
αn
n (r))))))x
j−1
2
)
x
α3
3 x
α4
4 · · ·x
α
n−1
n−1 x
αn
n
+ σα11 (σ
α2
2 (· · · (σ
αn
n (r))))x
α1
1 · · · x
αn
n , σ
0
j := idR for 1 ≤ j ≤ n.
(ii) ([42], Remark 2.10) Using (i), it follows that for the product aiXibjYj, if Xi := x
αi1
1 · · · x
αin
n
and Yj := x
βj1
1 · · · x
βjn
n , then
aiXibjYj = aiσ
αi(bj)x
αixβj + aipαi1,σ
αi2
i2 (···(σ
αin
in (b)))
xαi22 · · · x
αin
n x
βj
+ aix
αi1
1 pαi2,σ
αi3
3 (···(σ
αin
in (b)))
xαi33 · · · x
αin
n x
βj
+ aix
αi1
1 x
αi2
2 pαi3,σ
αi4
i4 (···(σ
αin
in (b)))
xαi44 · · · x
αin
n x
βj
+ · · ·+ aix
αi1
1 x
αi2
2 · · · x
αi(n−2)
i(n−2) pαi(n−1) ,σ
αin
in (b)
xαinn x
βj
+ aix
αi1
1 · · · x
αi(n−1)
i(n−1) pαin,bx
βj .
In this way, when we compute every summand of aiXibjYj we obtain products of the co-
efficient ai with several evaluations of bj in σ’s and δ’s depending of the coordinates of
αi.
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3 Armendariz modules over σ-PBW extensions
In this section we introduce the notions of skew Armendariz module and skew quasi-Armendariz
module over σ-PBW extensions. We start defining the modules which we are going to study.
From Definition 2.1 we know that if A is a σ-PBW extension of a ring R, then A is a left free
R-module. Now, Remark 2.7 (i) says us how to multiply elements of R with elements of Mon(A),
so that if we consider a right R-module MR, we can consider the polynomial moduleM〈X〉A over
A. More precisely, as a set, the elements of M〈X〉A are of the form m0 +m1X1 + · · · +mtXt,
mi ∈ MR and Xi ∈ Mon(A), for every i. If α := (α1, . . . , αn) ∈ N
n and r ∈ R, then the action
of A on these elements follow the rule established Remark 2.7 (ii). This fact is precisely because
it suffices to define the action of monomials of A on monomials in M〈X〉A. In other words, if
mix
αi1
1 · · · x
αin
n and bjx
βj1
1 · · · x
βjn
n are elements of M〈X〉 and A, respectively, then we multiply
these both elements following the rule
mix
αi1
1 · · · x
αin
n bjx
βj1
1 · · · x
βjn
n = miσ
αi(bj)x
αixβj +mipαi1,σ
αi2
i2 (···(σ
αin
in
(b)))x
αi2
2 · · · x
αin
n x
βj
+ mix
αi1
1 pαi2,σ
αi3
3 (···(σ
αin
in (b)))
xαi33 · · · x
αin
n x
βj
+ mix
αi1
1 x
αi2
2 pαi3,σ
αi4
i4 (···(σ
αin
in (b)))
xαi44 · · · x
αin
n x
βj
+ · · ·+i x
αi1
1 x
αi2
2 · · · x
αi(n−2)
i(n−2) pαi(n−1),σ
αin
in (b)
xαinn x
βj
+ mix
αi1
1 · · · x
αi(n−1)
i(n−1) pαin,bx
βj . (3.1)
This guarantees thatM〈X〉 is really an A-module. In this way, when we compute every summand
of mix
αi1
1 · · · x
αin
n bjx
βj1
1 · · · x
βjn
n , we obtain products of the coefficient mi with several evaluations
of bj in σ’s and δ’s, depending of the coordinates of αi.
The purpose in the next two sections is to study the existing relations between an R-module
MR and the polynomial module M〈X〉 over the skew-PBW extension A of R. Therefore, we
extend the notions of skew-Armendariz modules and skew quasi-Armendariz modules introduced
by Alhevaz and Moussavi [2] for the case of Ore extensions, and hence we generalize the concepts
of α-skew Armendariz modules [50] and α-reduced modules [26].
3.1 Skew-Armendariz modules
In this section we introduce the notion of skew-Armendariz module for σ-PBW extensions. As we
said above, our treatment generalize [26], [50], and [2].
Let us briefly recall some definitions about the notion of Armendariz for modules: (i) ([50],
Definition 2.1); let B be a ring with an endomorphism α and MB an B-module. MB is called
an α-skew Armendariz module, if for polynomials m(x) = m0 + m1x + · · · + mkx
x ∈ M [X]
and f(x) = b0 + b1x + · · · + bnx
n ∈ B[x;α], m(x)f(x) = 0 implies miα
i(bj) = 0, for every
0 ≤ i ≤ k and 0 ≤ j ≤ n. (ii) ([2], Definition 2.2); let B be a ring with an endomorphism α
and α-derivation δ. Let MB be an B-module. MB is an (α, δ)-skew Armendariz module, if for
polynomials m(x) = m0+m1x+ · · ·+mkx
k ∈M [X] and f(x) = b0+ b1x+ · · ·+ bnx
n ∈ B[x;α, δ],
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m(x)f(x) = 0 implies mix
ibjx
j = 0, for every 0 ≤ i ≤ k and 0 ≤ j ≤ n (it is clear that if δ = 0,
this definition coincides with the definition of α-skew Armendariz module). (iii) ([2], Definition
2.3); let B be a ring with an endomorphism α and a α-derivation δ. A right B-module MB is
called skew-Armendariz module, if for polynomials m(x) = m0 +m1x+ · · · +mkx
k ∈ M [X] and
f(x) = b0 + b1x+ · · · + bnx
n ∈ B[x;α, δ], the equality m(x)f(x) = 0 implies m0bj = 0, for every
0 ≤ j ≤ n. All these definitions are generalized in the next definition for the context of σ-PBW
extensions.
Definition 3.1. Let A be a σ-PBW extension of a ring R, and let MR be a right R-module. MR
is called a skew-Armendariz module, if for elements m = m0 +m1X1 + · · ·+mkXk ∈M〈X〉 and
f = b0 + b1Y1 + · · · + btYt ∈ A with mf = 0, we have m0bj = 0, for every 0 ≤ j ≤ t.
Note that B is skew-Armendariz if BB is a skew-Armendariz module. Now, since the notion of
skew-Armendariz module is a generalization of an α-skew-Armendariz module ([2], Theorem 2.4),
both concepts in the context of Ore extensions, and our notion of skew-Armendariz module in Def-
inition 3.1 is formulated for σ-PBW extensions, which are more general than Ore extensions (with
α injective), then our skew-Armendariz module notion is more general than α-skew-Armendariz
module. Nevertheless, we can establish the following result without proof. Theorem 3.2 generalizes
[2], Theorem 2.4, Corollaries 2.5, 2.6 and 2.7.
Theorem 3.2. If A is a quasi-commutative skew PBW extension of a ring R, and MR is a right
module, then MR is Σ-skew Armendariz if and only if for every polynomials m = m0 +m1X +
· · ·+mkXk ∈M〈X〉, and f = b0+b1X1+ · · ·+bmXm ∈ A, the equality mf = 0 implies m0bj = 0,
for every 0 ≤ j ≤ m.
The next definition introduce a more general class of modules than those established in Defi-
nition 3.1.
Definition 3.3. Let A be a σ-PBW extension of a ring R, and letMR be a right R-module. MR is
called a linearly skew-Armendariz module, if for linear polynomials m = m0+m1x+ · · ·+mnxn ∈
M〈X〉 and g(x) = b0+ b1x+ · · ·+ bnxn ∈ A with mg = 0, we have m0bj = 0, for every 0 ≤ j ≤ n.
In [4], Annin introduce the notion of compatibility for modules in the following way: given a
module MB , an endomorphism α : B → B and an α-derivation δ : R → R, MB is α-compatible
if for each m ∈ M and r ∈ B, we have mr = 0 ⇔ mα(r) = 0. Moreover, MR is δ-compatible
if for each m ∈ M and r ∈ B, we have mr = 0 ⇒ mδ(r) = 0. If MB is both α-compatible
and δ-compatible, MB is called (α, δ)-compatible. In [46], Definition 3.2, the author defined the
notion of compatibility for skew PBW extensions in the following way (this definition extends [16]):
consider a ring R with a family of endomorphisms Σ and a family of Σ-derivations ∆ (Proposition
2.2). (i) R is said to be Σ-compatible, if for each a, b ∈ R, aσα(b) = 0 if and only if ab = 0, for
every α ∈ Nn; (ii) R is said to be ∆-compatible, if for each a, b ∈ R, ab = 0 implies aδβ(b) = 0, for
every β ∈ Nn; (iii) if R is both Σ-compatible and ∆-compatible, R is called (Σ,∆)-compatible. As
it was established in [46], Proposition 3.3, the importance of (Σ,∆)-compatible rings is that they
are more general than Σ-rigid rings defined and characterized by the author in [42] in terms of
the properties of being Baer, p.p., p.q., and p.q.-Baer (Σ-rigid rings are a generalization of α-rigid
rings defined by Krempa in [25] and studied by Hong et. al., [18]). Next, we extend this definition
of compatibility for the context of modules over skew PBW extensions.
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Definition 3.4. If A is a σ-PBW extension of a ring R, and MR is a right R-module, then MR is
called Σ-compatible, if for every m ∈ M and r ∈ R, mr = 0 ⇔ mσα(r) = 0, for any α ∈ Nn. MR
is called ∆-compatible, if for every m ∈M and r ∈ R, mr = 0 ⇒ mδβ(r) = 0, for any β ∈ Nn. If
MR is both Σ-compatible and ∆-compatible, then MR is called (Σ,∆)-compatible.
From [4], Lemma 2.16, we know that in the case of Ore extensions, a module MB is (α, δ)-
compatible if and only if the polynomial extension M〈X〉B is (α, δ)-compatible. This assertion os
generalized in the next proposition.
Proposition 3.5. If A is a σ-PBW extension of R, and MR is a right R-module, then MR is
(Σ,∆)-compatible if and only if M〈X〉R is (Σ,∆)-compatible.
Proof. The proofs follow from the definitions.
The following proposition is a direct consequence from [2], Lemma 2.14.
Proposition 3.6. If MR is a right R-module, then the following conditions are equivalent:
(i) MR is reduced and (Σ,∆)-compatible.
(ii) for any m ∈M and r ∈ R, the following conditions hold:
(a) mr = 0 implies mRr = 0;
(b) mr = 0 implies mδβ(r) = 0, for any β ∈ Nn;
(c) mr = 0 if and only if mσθ(r) = 0, for any θ ∈ Nn;
(d) mr2 = 0 implies mr = 0.
The following proposition generalizes [2], Lemma 2.15.
Proposition 3.7. If MR is an (Σ,∆)-compatible module, and m ∈ M, a, b ∈ R, then we have
the following assertions:
(i) if ma = 0, then mσθ(a) = 0 = mδθ(a), for any element θ ∈ Nn;
(ii) if mab = 0, then mσi(δ
θ(a))δi(b) = mσ
β(δi(a))δ
θ(b), and so, maδθ(b) = 0 = mδθ(a)b, for
any elements β, θ ∈ Nn, and i = 1, . . . , n;
(iii) annR({ma}) = annR(mσi(a)) = annR({mδi(a)}), for every i = 1, . . . , n.
Proposition 3.8 generalizes [2], Lemma 2.16, from Ore extensions to σ-PBW extensions.
Proposition 3.8. If A is a σ-PBW extension of a ring R, MR is a (Σ,∆)-compatible right R-
module, m = m0 +m1X1 + · · · +mkXk is an element of M〈X〉, and a ∈ B, then mr = 0 if and
only if mir = 0, for every 0 ≤ i ≤ k.
Proof. Suppose that mir = 0, for every 0 ≤ i ≤ k. Since
mr = (m0 +m1X1 + · · · +mkXk)r
= m0r +m1X1r + · · ·+mkXkr
= m0r +m1(σ
α1(r)X1 + pα1,r) + · · ·+mk(σ
αk(r)Xk + pαk,r)
= m0r +m1σ
α1(r)X1 +m1pα1,r + · · ·+mkσ
αk(r)Xk +mkpαk,r, (3.2)
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where αi = exp(Xi), pαi,r = 0, or, deg(pαi,r) < |αi|, if pαi,r 6= 0, for every i, and using the equality
mir = 0 with the expression (3.1) and the (Σ,∆)-compatibility of MR, we conclude that mr = 0.
Now, suppose that mr = 0. From expression (3.2) we can see that lc(mr) = mkσ
αk(r), so by
the Σ-compatibility of MR, we obtain mkr = 0. Hence, expresion (3.1) and (Σ,∆)-compatibility
of MR imply that pαk ,r = 0, so mr reduces to
mr = m0r +m1σ
α1(r)X1 +m1pα1,r + · · · +mk−1σ
αk−1(r)Xk−1 +mk−1pαk−1,r.
Again, since lc(mr) = mk−1σ
αk−1(r) = 0, from Σ-compatibility ofMR we can assert that mk−1r =
0. In this way, expresion (3.1) and (Σ,∆)-compatibility ofMR imply that pαk−1,r = 0, so mr takes
the form
mr = m0r +m1σ
α1(r)X1 +m1pα1,r + · · · +mk−2σ
αk−2(r)Xk−2 +mk−2pαk−2,r.
Continuing in this way we can show that mkr = mk−1r = mk−2r = · · · = m1r = m0r, which
concludes the proof.
The next proposition generalizes [2], Proposition 2.17 and Corollary 2.18.
Proposition 3.9. A module MR is Σ-reduced if and only if the extension M〈X〉R is an Σ-reduced
module.
Theorem 3.10 generalizes [2], Theorem 2.19.
Theorem 3.10. IfMR is an (Σ,∆)-compatible and reduced module, thenMR is skew-Armendariz.
Proof. Consider the elements m = m0+m1X1+ · · ·+mkXk ∈M〈X〉, f = b0+ b1Y1+ · · ·+atYt ∈
A, with mf = 0. We have mf = (m0 + m1X1 + · · · + mkXk)(b0 + b1Y1 + · · · + btYt) =∑k+t
l=0
(∑
i+j=lmiXibjYj
)
. Note that lc(mf) = mkσ
αk(bt)cαk ,βt = 0. Since A is bijective,
mkσ
αk(bt) = 0, and by the Σ-compatibility of MR, mkbt = 0. The idea is to prove that
mpbq = 0 for p + q ≥ 0. We proceed by induction. Suppose that mpbq = 0 for p + q =
k + t, k + t − 1, k + t − 2, . . . , l + 1 for some l > 0. By Proposition 3.6 and expression (3.1), we
obtain mpXpbqYq = 0, for these values of p + q. In this way, we only consider the sum of the
products muXubvYv, where u + v = l, l − 1, l − 2, . . . , 0. Fix u and v. Consider the sum of all
terms of mf having exponent αu+βv. From expression (3.1), Proposition 3.6, and the assumption
mf = 0, we know that the sum of all coefficients of all these terms can be written as
muσ
αu(bv)cαu,βv +
∑
αu′+βv′=αu+βv
mu′σ
αu′ (σ′s and δ′s evaluated in bv′)cαu′ ,βv′ = 0. (3.3)
By assumption, we know that mpbq = 0, for p+ q = k+ t, k+ t− 1, . . . , l+1. So, Proposition 3.6
guarantees that the product
mp(σ
′s and δ′s evaluated in bq) (any order of σ
′s and δ′s)
is equal to zero. Then [(σ′s and δ′s evaluated in bq)ap]
2 = 0, and hence we obtain the equality
(σ′s and δ′s evaluated in bq)mp = 0 (MR is reduced). In this way, multiplying (3.5) by ml, and
using the fact that the elements ci,j in Definition 2.1 (iv) are in the center of R,
muσ
αu(bv)akcαu,βv +
∑
αu′+βv′=αu+βv
mu′σ
αu′ (σ′s and δ′s evaluated in bv′)mlcαu′ ,βv′ = 0, (3.4)
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whence, muσ
αu(b0)al = 0. Since u + v = l and v = 0, then u = l, so mlσ
αl(b0)ml = 0, i.e.,
[mlσ
αl(b0)]
2 = 0, from which mlσ
αl(b0) = 0 and mlb0 = 0, by Proposition 3.6. Therefore, we now
have to study the expression (3.5) for 0 ≤ u ≤ l − 1 and u+ v = l. If we multiply (3.6) by ml−1,
we obtain
muσ
αu(bv)ml−1cαu,βv +
∑
α
u
′+β
v
′=αu+βv
mu′σ
α
u
′ (σ′s and δ′s evaluated in bv′)mk−1cα
u
′ ,β
v
′
= 0.
Using a similar reasoning as above, we can see that muσ
αu(b1)ml−1cαu,β1 = 0. Since A is
bijective, muσ
αu(b1)ml−1 = 0, and using the fact u = l − 1, we have [ml−1σ
αl−1(b1)] = 0, which
imply ml−1σ
αl−1(b1) = 0, that is, ml−1b1 = 0. Continuing in this way we prove that mibj = 0, for
i+ j = l. Therefore aibj = 0, for 0 ≤ i ≤ m and 0 ≤ j ≤ t, which concludes the proof.
Proposition 3.11 ([2], Proposition 2.22). Suppose that M is a flat right B-module. Then for
every exact sequence 0→ K → F → M → 0, where F is B-free, we have FI ∩K = KI for each
left ideal I of B. In particular, we have Fa ∩K = Ka for each element a of B.
Proposition 3.12 generalizes [2], Proposition 2.23.
Proposition 3.12. If A is a σ-PBW extension of a ring R, then B is a skew-Armendariz ring if
and only if every flat B-module M is skew-Armendariz.
Proof. Consider M a flat R-module, and an exact sequence 0 → K → F → M → 0, where
F is free over R. If b is an element of F , then b = b + K is an element of M . Let f =
b0 + b1X1 + · · · + bkXk ∈ M〈X〉 and g = a0 + a1Y1 + · · · + atYt ∈ A with fg = 0. Let us
prove that b0aj = 0, for 0 ≤ j ≤ m. From the expression for the product fg given by fg =
(b0+b1X1+· · ·+btXt)(a0+a1X1+· · ·+amXm) =
∑k+t
l=0
(∑
i+j=l biXiajYj
)
, and using the relations
established in (3.1), we can find explicitly the coefficients for every term of fg (considering a total
order as in Definition 2.5 for the products of the elements Xi, Yj, for instance, Xk ≻ · · · ≻ X1
and Yt ≻ · · · ≻ Y1). Now, by assumption, M is a flat R-module, so there exists an R-module
homomorphism β : F → K which fixes the coefficients of every term of the product fg. Consider
the elements wi := β(bi)− bi, i = 1, . . . , k in F . Then the element h = w0+w1X1+ · · ·+wkXk is
an element of F [X] which satisfies that hg = 0. Note that F is skew-Armendariz by Proposition,
because R is skew-Armendariz and F is a free R-module. Hence, w0aj = 0, for j = 1, . . . , k, and
so b0aj ∈ K, for every j, that is, b0aj = 0 in M , which shows that M is skew-Armendariz.
For the next theorem, consider the set AnnB(2
MB ) := {annB(U) | U ⊆ MB}, where MB is
an B-module. Theorem 3.13 generalizes [2], Theorem 2.24, from Ore extensions to skew PBW
extensions.
Theorem 3.13. If A is a σ-PBW extension of a ring R, and MR is a (Σ,∆)-compatible right
R-module, then the following conditions are equivalent:
(1) MR is a skew-Armendariz module;
(2) The map ψ : AnnR(2
MR) → AnnS(2
M〈X〉A), defined by C → CA, for all C ∈ AnnR(2
MR),
is bijective.
12
Proof. (1) ⇒ (2) First of all, let us see that annR(U)A = annA(U), for every U ⊆ MR. If
f ∈ annR(U)A, then f is expressed as f = r0 + r1Y1 + · · · + rkYp, where ri ∈ annR(U) and
Yi ∈ Mon(A), for every i. If g = m0 +m1X1 + · · · +mkXk ∈ U , then gf = 0 because gri = 0,
for 1 ≤ i ≤ p, so gf = 0, i.e., f ∈ annA(U). Now, if h = a0 + a1Y1 + · · · + atYt ∈ annA(U), then
gh = 0, for every g = m0+m1X1+ · · ·+mkXk ∈ U . Since MR is a skew-Armendariz module, we
have m0aj = 0, for j = 0, . . . , t, and by the (Σ,∆)-compatibility of MR, we can see that gaj = 0,
for every j, so h ∈ annR(U)A.
The application ψ : {annR(U) | U ⊆ MR} → {annA(U) | U ⊆ M〈X〉A}, defined by C → CA,
for every C ∈ {annR(U) | U ⊆ MR}, is well defined, since annR(U)A = annA(U), for every
U ⊆ MR. From the (Σ,∆)-compatibility of MR, we can deduce that annA(V ) ∩ R = annR(V0),
for every V ⊆M〈X〉A, where V0 ⊆M is the set of coefficients of V . This fact guarantees that the
map ψ′ : {annA(U) | U ⊆ M〈X〉A} → {annR(U) | U ⊆ MR}, defined by D → D ∩ R, for every
D ∈ {annA(U) | U ⊆ M〈X〉A}. Note that ψ
′ψ = id, so ψ is an injective map. Consider the set
B ∈ {annA(U) | U ⊆M〈X〉A}. Then B = annA(J), for some J ⊆M〈X〉A. Let B1 and J1 be the
set of coefficients of elements of B and J , respectively. The aim is to prove that annR(J1) = B1R.
With this in mind, let m = m0 +m1X1 + · · · +mkXk ∈ J and f = a0 + a1Y1 + · · · + atYt ∈ B.
Then mf = 0, and using both assumptions on MR, it follows that mibj = 0, for every mi and bj ,
whence J1B1 = 0, that is, B1R ⊆ annR(J1). Note that due to the (Σ,∆)-compatibility of MR, we
can assert that annR(J1) ⊆ B1R, which shows that annR(J1) = B1R, and so annA(J) = B1RA.
This proves that ψ is a surjective function.
(2) ⇒ (1) Consider the elements m = m0 + m1X1 + · · · + mkXk ∈ M〈X〉A and f ∈ a0 +
a1Y1+ · · ·+ atYt ∈ A with mf = 0. It is clear that f ∈ annA({m}) = annR(U)A, where U ⊆MR.
In this way, the elements b0, . . . , bn belong to annR(U), whence mbj = 0, for every j. Therefore,
m0bj = 0, for 0 ≤ j ≤ t, which concludes the proof.
The following theorem generalizes [2], Theorem 2.25.
Theorem 3.14. If A is a σ-PBW extension of a ring R, and MR is a linearly skew-Armendariz
module with R ⊆M , then for every idempotent elements e of R, we have σi(e) = e and δi(e) = 0,
for every i = 1, . . . , n.
Proof. Note that MR is a linearly skew-Armendariz module with R ⊆MR, so RR is also linearly
skew-Armendariz. Let us prove the assertion for RR.
Consider an idempotent element e of R. Then δi(e) = σi(e)δi(e)+δi(e)e. Let f, g ∈ A given by
f = δi(e)+0x1+ · · ·+0xi−1+σi(e)xi+0xi+1+ · · ·+0xn, and g = e−1+(e−1)x1+ · · ·+(e−1)xn,
respectively. Recall that δi(1) = 0, for every i. Let us show that fg = 0:
fg = δi(e)(e − 1) +
( n∑
j=1
δi(e)(e − 1)xj
)
+ σi(e)xi(e− 1) +
n∑
j=1
σi(e)xi(e− 1)xj
= δi(e)(e − 1) +
( n∑
j=1
δi(e)(e − 1)xj
)
+ σi(e)[σi(e− 1)xi + δi(e− 1)]
+
n∑
j=1
σi(e)[σi(e− 1)xi + δi(e− 1)]xj .
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Equivalently,
fg = δi(e)(e − 1) +
( n∑
j=1
δi(e)(e − 1)xj
)
+ σi(e)[(σi(e)− σi(1))xi + δi(e)]
+
n∑
j=1
σi(e)[(σi(e) − σi(1))xi + δi(e)]xj
= δi(e)(e − 1) +
( n∑
j=1
δi(e)(e − 1)xj
)
+ σi(e)[σi(e)xi − xi + δi(e)]
+
n∑
j=1
σi(e)[σi(e)xi − xi + δi(e)]xj
= δi(e)e − δi(e) +
( n∑
j=1
(δi(e)e− δi(e))xj
)
+ σi(e)xi − σi(e)xi + σi(e)δi(e)
+
n∑
j=1
(σi(e)xi − σi(e)xi + σi(e)δi(e))xj
= δi(e)e − δi(e) +
n∑
j=1
δi(e)exj −
n∑
j=1
δi(e)xj + σi(e)δi(e) +
n∑
j=1
σi(e)δi(e)xj = 0.
From Definition 3.3 we obtain δi(e)(e − 1) = 0, i.e., δi(e)e = δi(e), and hence σi(e)δi(e) = 0.
Now, consider the elements s and t of A given by s = δi(e)−(1−σi(e))xi and t = e+
∑n
j=1 exj ,
respectively. Let us show that st = 0:
st = δi(e)e+
(
δi(e)e
n∑
j=1
xj
)
− (1− σi(e))xie−
(
(1− σi(e))xie
n∑
j=1
xj
)
= δi(e)e+
(
δi(e)e
n∑
j=1
xj
)
− xie+ σi(e)xie− xie
n∑
j=1
xj + σi(e)xie
n∑
j=1
xj
= δi(e)e+
(
δi(e)e
∑
j=1
xj
)
− (σi(e)xi + δi(e)) + σi(e)(σi(e)xi + δi(e))
−
(
(σi(e)xi + δi(e))
n∑
j=1
xj
)
+ σi(e)(σi(e)xi + δi(e))
n∑
j=1
xj
= δi(e)e+
(
δi(e)e
n∑
j=1
xj
)
− σi(e)xi − δi(e) + σi(e)xi + σi(e)δi(e)− σi(e)xi
n∑
j=1
xj
− δi(e)
n∑
j=1
xj + σi(e)xi
n∑
j=1
xj + σi(e)δi(e)
n∑
j=1
xj.
Since δi(e) = δi(e)e and σi(e)δi(e) = 0, then st = 0. By Armendariz condition we know that
δi(e)e = 0, which shows that δi(e) = 0.
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Consider the elements u, v ∈ A given by u = 1− e+ (1− e)σi(e)xi and v = e+ (e− 1)σi(e)xi.
We have the equalities
uv = e+ (e− 1)σi(e)xi − e
2 − e(e− 1)σi(e)xi + (1− e)σi(e)xie+ (1− e)σi(e)xi(e− 1)σi(e)xi
= eσi(e)xi − σi(e)xi − eσi(e)xi + eσi(e)xi + (1− e)σi(e)(σi(e)xi + δi(e))
+ (1− e)σi(e)(σi(e)xi − xi + δi(e))σi(e)xi
= − σi(e)xi + eσi(e)xi + σi(e)xi + σi(e)δi(e)− eσi(e)xi − eσi(e)δi(e)
+ [σi(e)xi − σi(e)xi + σi(e)δi(e)− eσi(e)xi + eσi(e)xi − eσi(e)δi(e)]σi(e)xi = 0.
Using that δi(e) = 0, we obtain (1− e)(e− 1)σi(e) = 0, i.e., eσi(e) = σi(e).
Finally, let w = e+ e(1 − σi(e))xi, z = 1− e− e(1 − σi(e))xi be elements of A. Then
wz = e− e2 − e2(1− σi(e))xi + e(1− σi(e))xi − e(1− σi(e))xie− e(1− σi(e))xie(1− σi(e))xi
= − e(1− σi(e))(σi(e)xi + δi(e)) − e(1− σi(e))[σi(e(1− σi(e)))xi + δi(e(1 − σi(e)))]xi.
Using that δi(e) = 0 and eσi(e) = σi(e), we can see that wz = 0. Hence, e(−e(1 − σi(e))) = 0,
which shows that eσi(e) = e, and so σi(e) = e.
In [1], Agayev et. al., introduced the notion of abelian module: a right B-moduleMB is called
abelian, if for any elements m ∈ M , r ∈ B, and every idempotent e ∈ B, we have mae = mea.
They proved that every Armendariz module, and hence every reduced module is abelian. The
next theorem generalizes [2], Theorem 2.26, from Ore Extensions to skew PBW extensions.
Theorem 3.15. If A is a σ-PBW extension of a ring R, and MR is a linearly skew-Armendariz
module with R ⊆M , then MR is an abelian module.
Proof. Consider MR a linearly skew-Armendariz module, the elements defined by m1 = me −∑n
i=1mer(1−e)xi, m2 = m(1−e)−
∑n
i=1m(1−e)rexi ∈M〈X〉A, and f1 = (1−e)+
∑n
i=1 er(1−
e)xi, f2 = e +
∑n
i=1(1 − e)rexi, where e ∈ R is an idempotent element, and r ∈ R,m ∈ M . Let
us show that m1f1 = m2f2 = 0. Recall that σi(e) = e and δi(e) = 0, for i = 1, . . . , n (Theorem
3.14), so xie = exi, for every i. We have the following equalities:
m1f1 =
(
me−
n∑
i=1
mer(1− e)xi
)(
(1− e) +
n∑
i=1
er(1− e)xi
)
=
(
me−
n∑
i=1
merxi +
n∑
i=1
merexi
)(
1− e+
n∑
i=1
erxi −
n∑
i=1
erexi
)
= me−me2 +
n∑
i=1
me2rxi −
n∑
i=1
me2rexi −
n∑
i=1
merxi +
n∑
i=1
merxie
−
( n∑
i=1
merxi
)( n∑
i=1
erxi
)
+
( n∑
i=1
merxi
)( n∑
i=1
erexi
)
−
n∑
i=1
merexi +
n∑
i=1
merexie
+
( n∑
i=1
merexi
)( n∑
i=1
erxi
)
−
( n∑
i=1
merexi
)( n∑
i=1
erexi
)
,
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or equivalently,
m1f1 = −
( n∑
i=1
merexir
)( n∑
i=1
xi
)
+
( n∑
i=1
merexir
)( n∑
i=1
exi
)
+
( n∑
i=1
mere2xir
)( n∑
i=1
xi
)
−
( n∑
i=1
mere2xir
)( n∑
i=1
exi
)
= 0,
and,
m2f2 =
(
m(1− e)−
n∑
i=1
m(1− e)rexi
)(
e+
n∑
i=1
(1− e)rexi
)
=
(
m−me−
n∑
i=1
mrexi +
n∑
i=1
merexi
)(
e+
n∑
i=1
rexi −
n∑
i=1
erexi
)
= me+
n∑
i=1
mrexi −
n∑
i=1
merexi −me
2 −
n∑
i=1
merexi +
n∑
i=1
me2rexi
−
n∑
i=1
mrexie−
( n∑
i=1
mrexi
)( n∑
i=1
rexi
)
+
( n∑
i=1
mrexi
)( n∑
i=1
erexi
)
+
n∑
i=1
merexie+
( n∑
i=1
merexi
)( n∑
i=1
rexi
)
−
( n∑
i=1
merexi
)( n∑
i=1
erexi
)
= −
( n∑
i=1
mrexi
)( n∑
i=1
rexi
)
+
( n∑
i=1
mrexie
)( n∑
i=1
rexi
)
+
( n∑
i=1
merexi
)( n∑
i=1
rexi
)
−
( n∑
i=1
merexie
)( n∑
i=1
rexi
)
= 0.
By assumption, MR is linearly skew-Armendariz, so meer(1 − e) = 0 and m(1 − e)(1 − e)re, or
what is the same, mer = mere and mre = mere, respectively, whence mer = mre, i.e., MR is an
abelian module.
Corollary 3.16. If A is a σ-PBW extension of a ring R, and MR is a skew-Armendariz module
with R ⊆M , then MR is an abelian module.
Proof. The assertion follows from Theorem 3.15 and the fact that every skew-Armendariz module
is linearly skew-Armendariz module.
Note that [2], Corollary 2.27 is a particular case of Corollary 3.16. Next theorem generalizes
[2], Theorem 2.28.
Theorem 3.17. If MR is a reduced module, then MR is a p.p.-module if and only if MR is a
p.q.-Baer module.
Proof. Consider MR a reduced right R-module. From Proposition 3.6, we know that for ev-
ery elements m of M and r of R, the equality mr = 0 implies mRr = 0, which means that
annR({m}) = annR(mR), and so, annR({m}) = annR(mR).
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Theorem 3.18 generalizes [2], Theorem 2.29.
Theorem 3.18. If A is a σ-PBW extension of a ring R, and MR is an (Σ,∆)-compatible skew-
Armendariz right R-module with R ⊆ M , then MR is p.p.-module if and only if M〈X〉A is p.p.-
module
Proof. Let MR be a p.p.-module. Consider an element m of M〈X〉 given by the expression
m = m0+m1X1+ · · ·+mkXk. We know that annR({mi}) = eiR, for idempotent elements ei ∈ R,
for every i. Consider the product of the elements e’s, that is, let e := e0e1 · · · ek. Note that e is
idempotent (MR is abelian by Corollary 3.16). Therefore we have eR =
⋂k
i=0 annR({mi}). From
Theorem 3.14 we know that σi(e) = e and δi(e) = 0, for every i, which guarantees that the product
me is zero, and so, eA ⊆ annA({m}). Now, if g ∈ annA({m}) is given by g = b0+b1X1+· · ·+btXt,
then m0bj = 0 for 0 ≤ j ≤ t (MR is skew-Armendariz). In this way, b0 ∈ eR, whence g ∈ eA, that
is, annA({m}) = eA. In other words, we have shown that M〈X〉 is a p.p.-module over A.
Conversely, if M〈X〉A is a p.p.-module and m is an element of M , for an idempotent element
e ∈ A given by e = e0 + e1X1 + · · · + epXp, we have e(1 − e) = 0 = (1 − e)e, or equivalently,
(e0 + e1X1 + · · · + epXp)(1 − e0 − e1X1 − · · · − epXp) = 0 = (1 − e0 − e1X1 − · · · − epXp)(e0 +
e1X1 + · · · + epXp). As we know, MR is skew-Armendariz, so e0(1 − e0) = 0 and (1 − e0)ei = 0,
for every i, which means that e0ei = 0, ei = e0ei, that is, ei = 0. Then e = e
2
0 = e0 ∈ R, and
annA({m}) = eA, whence annR({m}) = eR, i.e., MR is a p.p.-module.
Theorem 3.19 extends [2], Theorem 2.30, from Ore extensions to σ-PBW extensions.
Theorem 3.19. If A is a σ-PBW extension of a ring R, MR is an (Σ,∆)-compatible skew-
Armendariz module with R ⊆M , then MR is Baer if and only if M〈X〉A is Baer.
Proof. Suppose that MR is a Baer module. Let J ⊆ M〈X〉 and J0 the set of elements m of M
such that m is the leading coefficient of some non-zero element of J . Using that MR is Baer,
there exists e2 = e ∈ R with annR(J0) = eR, and hence eA ⊆ annA(J), by Proposition 3.7. Now,
consider an element g = b0+b1X1+ · · ·+btxt ∈ annA(J). SinceMR is skew-Armendariz, J0bj = 0,
for 0 ≤ j ≤ t. This fact means that bj = ebj , for every j, and g = eg ∈ A, so annA(J) = EA and
M〈X〉A is a Baer module. Finally, if M〈X〉A is a Baer module y C ⊆ M , then C[X] ⊆ M〈X〉,
and since M〈X〉 is Baer, there exists an idempotent element e = e0 + e1X1 + · · · + epXp ∈ A
with annA)[C[X]] = eA. In this way, Ce0 = {0} and e0R ⊆ annR(C). On the other hand, if
r ∈ annR(C), then C[X]r = 0 (Proposition 3.8), whence t = et, that is, t = e0t ∈ e0R, which
proves that annR(C) = e0R, and hence MR is a Baer module.
The next proposition generalizes [2], Proposition 2.32, Corollaries 2.33 and 2.34.
Proposition 3.20. Let A be a σ-PBW extension of a ring R, and let MR be an (Σ,∆)-compatible
and reduced module. If m is a torsion element in M〈X〉, i.e., mh = 0, for some non-zero element
h ∈ A, then there exists a non-zero element c ∈ R such that mc = 0.
Proof. Consider the elements m = m0 + m1X1 + · · · + mkXk ∈ M〈X〉, 0 6= f = b0 + b1Y1 +
· · · + atYt ∈ A, at 6= 0, with mf = 0. We have mf = (m0 +m1X1 + · · · +mkXk)(b0 + b1Y1 +
· · · + btYt) =
∑k+t
l=0
(∑
i+j=lmiXibjYj
)
. Note that lc(mf) = mkσ
αk(bt)cαk ,βt = 0. Since A is
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bijective, mkσ
αk(bt) = 0, and by the Σ-compatibility of MR, mkbt = 0. The idea is to prove
that mpbq = 0 for p + q ≥ 0. We proceed by induction. Suppose that mpbq = 0 for p + q =
k + t, k + t − 1, k + t − 2, . . . , l + 1 for some l > 0. By Proposition 3.6 and expression (3.1), we
obtain mpXpbqYq = 0, for these values of p + q. In this way, we only consider the sum of the
products muXubvYv, where u + v = l, l − 1, l − 2, . . . , 0. Fix u and v. Consider the sum of all
terms of mf having exponent αu+βv. From expression (3.1), Proposition 3.6, and the assumption
mf = 0, we know that the sum of all coefficients of all these terms can be written as
muσ
αu(bv)cαu,βv +
∑
αu′+βv′=αu+βv
mu′σ
αu′ (σ′s and δ′s evaluated in bv′)cαu′ ,βv′ = 0. (3.5)
By assumption, we know that mpbq = 0, for p+ q = k+ t, k+ t− 1, . . . , l+1. So, Proposition 3.6
guarantees that the product
mp(σ
′s and δ′s evaluated in bq) (any order of σ
′s and δ′s)
is equal to zero. Then [(σ′s and δ′s evaluated in bq)ap]
2 = 0, and hence we obtain the equality
(σ′s and δ′s evaluated in bq)mp = 0 (MR is reduced). In this way, multiplying (3.5) by ml, and
using the fact that the elements ci,j in Definition 2.1 (iv) are in the center of R,
muσ
αu(bv)akcαu,βv +
∑
αu′+βv′=αu+βv
mu′σ
αu′ (σ′s and δ′s evaluated in bv′)mlcαu′ ,βv′ = 0, (3.6)
whence, muσ
αu(b0)al = 0. Since u + v = l and v = 0, then u = l, so mlσ
αl(b0)ml = 0, i.e.,
[mlσ
αl(b0)]
2 = 0, from which mlσ
αl(b0) = 0 and mlb0 = 0, by Proposition 3.6. Therefore, we now
have to study the expression (3.5) for 0 ≤ u ≤ l − 1 and u+ v = l. If we multiply (3.6) by ml−1,
we obtain
muσ
αu(bv)ml−1cαu,βv +
∑
α
u
′+β
v
′=αu+βv
mu′σ
α
u
′ (σ′s and δ′s evaluated in bv′)mk−1cα
u
′ ,β
v
′
= 0.
Using a similar reasoning as above, we can see that muσ
αu(b1)ml−1cαu,β1 = 0. Since A is
bijective, muσ
αu(b1)ml−1 = 0, and using the fact u = l − 1, we have [ml−1σ
αl−1(b1)] = 0, which
imply ml−1σ
αl−1(b1) = 0, that is, ml−1b1 = 0. Continuing in this way we prove that mibj = 0, for
i+ j = l. Therefore aibj = 0, for 0 ≤ i ≤ m and 0 ≤ j ≤ t. Finally, since f is a non-zero element
of A, we may consider c := at 6= 0, and hence mc = 0, by Proposition 3.8.
3.2 Skew quasi-Armendariz modules over σ-PBW extensions
In [17], Hirano called a ring B quasi-Armendariz, if whenever f(x)B[x]g(x) = 0, where f(x) =
a0+a1x+· · ·+amx
m and g(x) = b0+b1x+· · ·+bnx
n ∈ B[x], then aiBbj = 0, for all i and j. In the
same paper, Hirano called a right B-module quasi-Armendariz, if whenever m(x)B[x]f(x) = 0,
where m(x) = m0 +m1x+ · · ·+msx
s ∈M〈X〉 and f(x) = a0 + a1x+ · · · + atx
t ∈ B[x], implies
that miBaj = 0, for all i, j. Now, in [2], Definition 3.1, Alhevaz and Moussavi introduced the
notion of skew quasi-Armendariz for modules in the following way: let MB be a right B-module,
α an endomorphism of B and δ an α-derivation of B. MB is called skew quasi-Armendariz, if
whenever m(x) = m0+m1x+ · · ·+mkx
k ∈M〈X〉, f(x) = b0+b1x+ · · ·+bnx
n ∈ B[x;α, δ] satisfy
m(x)B[x;α, δ]f(x) = 0, we have mix
iBxtbjx
j = 0 for t ≥ 0, i = 0, 1, . . . , k and j = 0, 1, . . . , n.
With the aim of extending these definitions for the class of σ-PBW extensions, we present the
following definition:
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Definition 3.21. If A is a σ-PBW extension of a ring R, and MR is a right R-module, MR
is called skew quasi-Armendariz, if whenever m = m0 + m1X1 + · · · + mkXk ∈ M〈X〉, f =
a0 + a1Y1 + · · · + apYp ∈ A with mAf = 0, then miXiRXtajYj = 0, for any Xt ∈ Mon(A), and
any values of i, j.
The next theorem generalizes [2], Theorem 3.2, for the Ore extensions to σ-PBW extensions,
and its proof is easy.
Theorem 3.22. If A is a quasi-commutative σ-PBW extension of R, and MR is an Σ-compatible
right R-module, then:
(1) The following assertions are equivalent:
(a) for every m ∈M〈X〉A, (annA{mA} ∩R)〈x1, . . . , xn〉 = annA{mA}.
(b) for every m = m0+m1X1+ · · ·+mkXk ∈M〈X〉A and f = a0+ a1Y1+ · · ·+ atYt ∈ A,
the equality mAf = 0 implies miRaj = 0, for every i, j.
(2) If MR is a skew quasi-Armendariz module and m is an element of M〈X〉A, the equality
annA{mA} 6= {0} implies that annA{mA} ∩R 6= {0}.
Theorem 3.23 generalizes [2], Theorem 3.3.
Theorem 3.23. If A is a quasicommutative σ-PBW extension of R, and MR is an Σ-compatible
right R-module, then the following assertions are equivalent:
(1) MR is a skew quasi-Armendariz module;
(2) The map ψ : AnnR(sub(MR)) → AnnA(sub(M〈X〉A)), defined by ψ(annR(M)) = annA(N)
= annA(N [X]), for all N ∈ sub(MR), is bijective, where sub(MR) and sub(M〈X〉A) denote
the sets of submodules of MR and M〈X〉A, respectively.
Proof. The proof follows from [46], Theorem 4.12.
Theorem 3.24 generalizes [2], Theorem 3.6, Corollary 3.7 and [17], Corollary 3.3.
Theorem 3.24. If A is a σ-PBW extension of R, and MR is a skew quasi-Armendariz right R-
module which is (Σ,∆)-compatible, thenMR satisfies the ascending chain condition on annihilators
of submodules if and only if so does M〈X〉A.
Proof. Suppose that MR satisfies the ascending chain condition on annihilators of submodules.
Consider the chain of annihilator of submodules of M〈X〉A given by I1 ⊆ I2 ⊆ · · · . Then, there
exist submodules Ki of M〈X〉A with annA(Ki) = Ii, for i = 1, 2, . . . , and satisfying the relations
K1 ⊇ K2 ⊇ · · · . Consider the sets Mi consisting of all elements of Ki, for every i. By assumption,
M is skew-Armendariz, so thatMi is a submodule ofM , for every i. Note thatMi ⊇Mi+1, whence
annR(M1) ⊆ annR(M2) ⊆ · · · . Since we suppose that MR satisfies the ascending chain condition
on annihilators of submodules, then there exists p ≥ 1 such that annR(Mi) ⊆ annR(Mp), for every
value i ≥ p. Our objective is to show that annA(Ki) = annA(Kp), for these values i ≥ p. With this
in mind, consider an element f ∈ annA(Ki) given by the expression f = a0+ a1X1+ · · ·+ amXm.
Since M is skew quasi-Armendariz, we have Miaj = 0, for 0 ≤ j ≤ m. This fact implies that
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Mpaj = 0, for 0 ≤ j ≤ m, and hence Proposition 3.8 guarantees that Kpf = 0. Therefore we
conclude that annA(Ki) = annA(Kp), for i ≥ p, i.e.,M〈X〉A satisfies the ascending chain condition
on annihilator of submodules.
Conversely, suppose that M〈X〉A satisfies the ascending chain condition on annihilator of
submodules, and consider the chain of annihilator of submodules of MR given by J1 ⊆ J2 ⊆
· · · . Then, there exist submodules Mi of M with annR(Mi) = Ji, for i = 1, 2, . . . , and M1 ⊇
M2 ⊇ · · · . Note that Mi[X] is a submodule of M〈X〉, Mi[X] ⊇ Mi+1[X], and, annA(Mi[X]) ⊆
annA(Mi+1[X]), for every value of i. Since M〈X〉A satisfies the ascending chain condition on
annihilator of submodules, there exists q ≥ 1 with annA(Mi[X]) = annA(Mq[X]), for i ≥ q. Using
that M is skew-Armendariz, it follows that annR(Mi) = annR(Mq), for i ≥ q.
The next theorem generalizes [2], Theorem 3.9, [16], Corollary 2.8, [11], Corollary 2.8, and
[18], Theorems 12 and 15.
Theorem 3.25. If A is a σ-PBW extension of R and MR is an (Σ,∆)-compatible right R-module,
then MR is quasi-Baer (respectively, p.q.-Baer) if and only if M〈X〉A is quasi-Baer (respectively,
p.q.-Baer). In this case, MR is skew quasi-Armendariz.
Proof. Suppose that MR is a quasi-Baer right R-module. Let us see that MR is skew quasi-
Armendariz. With this aim, consider the product
(m0 +m1X1 + · · ·+mkXk)A(a0 + a1Y1 + · · ·+ apYp) = 0,
wherem0+m1X1+· · ·+mkXk ∈M〈X〉 and a0+a1Y1+· · ·+apYp ∈ A. In particular, if we only take
coefficients in R, we have the expression (m0+m1X1+ · · ·+mkXk)R(a0+a1Y1+ · · ·+apYp) = 0.
Since for any r ∈ R we have the expressions
0 = (m0 +m1X1 + · · ·+mkXk)r(a0 + a1Y1 + · · · + apYp) (3.7)
= m0ra0 +m0ra1Y1 + · · · +m0rapYp +m1X1ra0 +m1X1ra1Y1 + · · ·+m1X1rapYp
+ · · ·+mkXkra0 +mkXkra1Y1 + · · ·+mkXkrapYp
= m0ra0 +m0ra1Y1 + · · · +m0rapYp +m1σ
α1(ra0)X1 +m1pα1,ra0 +m1σ
α1(ra1)X1Y1
+ m1pα1,ra1Y1 + · · ·+m1σ
α1(rap)X1Yp + · · ·+m1pα1,rapYp + · · ·+mkσ
αk(ra0)Xk
+ mkpαk,ra0 +mkσ
αk(ra1)XkY1 +mkpαk,ra1Y1 + · · ·+mkσ
αk(rap)XkYp +mkpαk,rapYp
= m0ra0 +m0ra1Y1 + · · · +m0rapYp +m1σ
α1(ra0)X1 +m1pα1,ra0
+ m1σ
α1(ra1)cα1,β1x
α1+β1 +m1σ
α1(ra1)pα1,β1 +m1pα1,ra1Y1
+ · · ·+m1σ
α1(rap)cα1,βpx
α1+βp +m1σ
α1(rap)pα1,βp + · · · +m1pα1,rapYp
+ · · ·+mkσ
αk(ra0)Xk +mkpαk,ra0 +mkσ
αk(ra1)cαk ,β1x
αk+β1 +mkσ
αk(ra1)pαk ,β1
+ mkpαk,ra1Y1 + · · ·+mkσ
αk(rap)cαk ,βpx
αk+βp +mkσ
αk(rap)pαk,βp +mkpαk ,rapYp,
we can see that the leading coefficient of this product is mkσ
αk(rap)cαk ,βp = 0, whence we obtain
mkσ
αk(rap) = 0 (recall that the elements cαk ,βp are both invertible), and hencemkrap = 0 because
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MR is Σ-compatible. In this way, ap ∈ annR(mkR). Now, since
mkXkrXtapYp = (mkσ
αk(r)Xk +mkpαk,r)(σ
αt(ap)XtYp + pαt,apYp)
= mkσ
αk(r)Xkσ
αt(ap)XtXp +mkσ
αk(r)Xkpαt,apYp
+ mkpαk,rσ
αt(ap)XtXp +mkpαk,rpαt,apYp
= mkσ
αk(r)(σαk (σαt(ap))Xk + pαk,σαt (ap))XtXp +mkσ
αk(r)Xkpαt,apYp
+ mkpαk,rσ
αt(ap)XtXp +mkpαk,rpαt,apYp
= mkσ
αk(rσαt(ap))XkXtXp +mkσ
αk(r)pαk,σαt (ap)XtXp +mkσ
αk(r)Xkpαt,apYp
+ mkpαk,rσ
αt(ap)XtXp +mkpαk,rpαt,apYp (3.8)
from Proposition 3.7 we obtain that all these expressions are zero, so mkXkrXtapYp = 0. As we
know,MR is quasi-Baer, which means that there exists an element e
2
k = ek ∈ R with annR(mkR) =
ekR, whence ap = ekap. If we replace the element r by rek in (3.7), we obtain
0 = (m0 +m1X1 + · · · +mk−1Xk−1)rek(a0 + a1Y1 + · · ·+ apYp),
and using a similar reasoning to the above, we see that
0 = (m0 +m1X1 + · · ·+mk−1Xk−1)rek(a0 + a1Y1 + · · ·+ apYp)
= m0reka0 +m0reka1Y1 + · · · +m0rekapYp +m1σ
α1(reka0)X1 +m1pα1,reka0
+ m1σ
α1(reka1)cα1,β1x
α1+β1 +m1σ
α1(reka1)pα1,β1 +m1pα1,reka1Y1
+ · · · +m1σ
α1(rekap)cα1,βpx
α1+βp +m1σ
α1(rekap)pα1,βp + · · · +m1pα1,rekapYp
+ · · · +mk−1σ
αk−1(reka0)Xk−1 +mk−1pαk−1,reka0
+ mk−1σ
αk−1(reka1)cαk−1,β1x
αk−1+β1 +mk−1σ
αk−1(reka1)pαk−1,β1
+ mk−1pαk−1,reka1Y1 + · · · +mk−1σ
αk−1(rekap)cαk−1,βpx
αk−1+βp
+ mk−1σ
αk−1(rekap)pαk−1,βp +mk−1pαk−1,rekapYp,
whencemk−1σ
αk−1(rekap)cαk−1,βp = 0⇒ mk−1σ
αk−1(rekap) = 0⇒ mk−1rekap = 0, which implies
that mk−1Rap = 0, i.e., ap ∈ annR(mk−1R). Again, using a similar reasoning to the above
in expression (3.8), we can see that mk−1Xk−1RXtapXp = 0. Therefore we have showed that
ap ∈ annR(mkR) ∩ annR(mk−1R). Since MR is quasi-Baer, there exists an idempotent element
s ∈ R with annR(mk−1R) = sR, whence ap = sap. If we define the element ek−1 as ek−1 = eks,
then we can see that ek−1 ∈ annR(mkR) ∩ annR(mk−1R). Now, if we replace r by rek−1 in (3.7),
we obtain the equality
0 = (m0 +m1X1 + · · ·+mk−2Xk−2)rek−1(a0 + a1Y1 + · · ·+ apYp).
We can show that the relations mk−2σ
αk−2(rek−1ap)cαk−2,βp = 0 ⇒ mk−2σ
αk−2(rek−1ap) =
0 ⇒ mk−2rek−1ap = 0, which implies that mk−2Rap = 0, i.e., ap ∈ annR(mk−2R), and hence
mk−2Xk−2RXtapXp = 0. Continuing in this way, we can prove that miXiRXtapYp = 0, for i =
0, . . . , k, and any Xt ∈ Mon(A). Similarly, using the total order on Mon(A), where Yp ≻ Yp−1 ≻
· · ·Y1 ≻ 1, we can show that miXiRXtap−1Yp−1 = miXiRXtap−2Yp−2 = · · · = miXiRXta1Y1 =
miXiRXta0 = 0, which allows us to conclude that MR is skew quasi-Armendariz.
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Now, we will prove that M〈X〉A is quasi-Baer. Let J be a A-submodule of M〈X〉, and
consider the set N as the union of the set of the leading coefficients of non-zero elements of
J with the set {0}. Note that N is a submodule of M . By assumption, MR is quasi-Baer,
so there exists an idempotent element e of R with annR(N) = eR, which implies that eA ⊆
annA(J) (Proposition 3.7). With the aim of proving that eA ⊇ annA(J), consider an element
f = a0 + a1x1 + · · · + apXp ∈ annA(J). Since MR is skew quasi-Armendariz, it follows that
Naj = 0, for 0 ≤ j ≤ p. Then, bj = ebj , for every j, an f = ef ∈ eA, which guarantees
that eA ⊇ annA(J), and hence, eA = annA(J). Conversely, if M〈X〉A is quasi-Baer and I is a
submodule of M , it follows that I[X] is a submodule of M〈X〉, and since M〈X〉 is quasi-Baer,
there exists e2 = e = e0 + e1 + · · · + elXl ∈ A with annA(I[X]) = eA. Note that Ie0 = 0 and
e0R ⊆ annR(I). Finally, if s ∈ annR(I), then I[X]s = 0 (Proposition 3.8), and therefore t = et,
which implies t = e0t ∈ e0R, that is, e0R ⊇ annR(I), i.e., e0R = annR(I). This concludes the
proof.
Remark 3.26. • Note that a ring B is right p.q.-Baer if and only if BB is a p.q.-Baer module.
However, this does not hold for the property of being p.q.-Baer. More exactly, there exists
a p.q.-Baer right B-module such that B is not right p.q.-Baer ([2], Example 3.10).
• The condition on the (Σ,∆)-compatibility in Theorem 3.25 can not be dropped, since there
exists an example of a ring B such that B[x; δ] is Baer, and hence quasi-Baer, but B is not
quasi-Baer, see [5], Example 1.
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